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VECTOR BUNDLES AND SO(3)-INVARIANTS
FOR ELLIPTIC SURFACES II:
THE CASE OF EVEN FIBER DEGREE
Robert Friedman
Introduction.
Let S be a simply connected elliptic surface with at most two multiple fibers. In
this paper, the second in a series of three, we are concerned with describing moduli
spaces of stable vector bundles V over S such that the restriction of c1(V ) to a
general fiber has the smallest possible nonzero degree, namely the product of the
multiplicities, in the case where this product is even. We then apply this study
toward a partial calculation of the corresponding Donaldson polynomial invariants
of S. Our goal is the completion of the C∞ classification of such surfaces, and
the general outline of this classification has been described in the introduction to
Part I. Aside from quoting a few results from Part I, this paper can however be
read independently. On the other hand, the methods of this paper draw heavily on
the book [4], and many arguments which are very similar to arguments in [4] are
sketched or simply omitted. Roughly speaking, the new ingredients in the proof
consist of the algebraic geometry of certain elliptic surfaces associated to S, which
have a single multiple fiber of multiplicity two and are birational to double covers
of rational ruled surfaces. The vector bundle parts of the argument run more or
less parallel to the arguments in [4], with a few new cases to analyze.
The outline of this paper is as follows. In this paper, we shall only be concerned
with elliptic surfaces S over P1 with multiple fibers of multiplicities 2m1 and m2,
where m2 is odd, and such that there exists a divisor ∆ on S with ∆ · f = 2m1m2,
the minimum possible value, for a smooth fiber f . In this case, there is an associated
surface Jm1m2(S) defined in [3]. The surface Jm1m2(S) fibers over P1 and the fiber
over a point t lying under a smooth fiber f of S is Jm1m2(f), the set of line bundles
of degree m1m2 on the fiber f of S. The surface J
m1m2(S) has an involution
defined by λ ∈ Jm1m2(f) 7→ Of (∆|f) ⊗ λ−1. The quotient of Jm1m2(S) by this
involution is birational to a rational ruled surface FN , and we describe the geometry
of the double cover in detail. In Section 2, we describe the rough classification of
stable bundles V on S with c1(V ) = ∆. To each such bundle there is an associated
bisection C of Jm1m2(S) which is invariant under the involution, and so defines a
section of the quotient ruled surface. In Section 3, we show that for general bundles
V , V is determined up to finite ambiguity by the section of the ruled surface and
the choice of a certain line bundle on the associated bisection C of Jm1m2(S).
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Thus, a Zariski open subset of the moduli space fibers over an open subset of the
linear system of all sections on a certain rational ruled surface, and the fibers are
a number of copies of the Jacobian J(C) of the bisection C of Jm1m2(S). It is
here that the asymmetry between 2m1 and m2 becomes apparent: the number of
connected components of the fiber is just m2. The reasons for this are explained
following Lemma 2.4. Finally, in Section 4 we calculate the leading coefficient of a
Donaldson polynomial invariant and show that it contains an “extra” factor of m2.
1. Geometry of elliptic surfaces.
We fix notation for this paper. Let π : S → P1 be an elliptic surface with two
multiple fibers F2m1 and Fm2 of multiplicities 2m1 and m2, where gcd(2m1,m2) =
1. We shall further assume that the reductions of the multiple fibers are smooth
and that all other singular fibers are reduced and irreducible with just one ordinary
double point. In other words, S is nodal in the terminology of [4]. Let κS = κ ∈
H2(S;Z) be the unique class such that 2m1m2κ = [f ], where f is a general fiber of
π. Finally we shall assume that there is a 2m1m2-section ∆, i.e. a divisor ∆, not
necessarily effective, with ∆ · f = 2m1m2, or equivalently ∆ · κ = 1. By [4], there
always exist such nodal elliptic surfaces. In particular S is algebraic.
We shall be concerned with the associated elliptic surface Jm1m2(S) defined in
Section 2 of [3]. By the discussion in Section 2 of [3], Jm1m2(S) has exactly one
multiple fiber of multiplicity two, above the point of P1 corresponding to F2m1 . We
shall denote this fiber by F2. Moreover, given the 2m1m2-section ∆, there is an
involution of Jm1m2(S) defined on the generic fiber Sη by λ 7→ OSη(∆)⊗λ
−1. Since
Jm1m2(S) is relatively minimal, this involution on the generic fiber extends to an
involution on Jm1m2(S), which we shall denote by ι. The data of Jm1m2(S) and
the involution ι do not depend on ∆, but only on the restriction of ∆ to the generic
fiber. A line bundle which has the same restriction as ∆ to the generic fiber differs
from ∆ by a line bundle which is trivial on the generic fiber and thus is a multiple
of κ. Up to twisting by a line bundle which is divisible by 2, the only possibilities
are then ∆ and ∆ − κ. Replacing ∆ by ∆ − κ replaces ∆2 by ∆2 − 2 and thus
changes ∆2 mod 4. Of course ∆2 ≡ 1 mod 2 since
∆ ·KS = 2m1m2(pg + 1)− 2m1 −m2 ≡ 1 mod 2.
Let us determine the fixed point set of ι.
Lemma 1.1. The fixed point set of ι consists of a smooth 4-section together with
two isolated fixed points on F2.
Proof. The fixed point set of an involution on the smooth surface Jm1m2(S) must
consist of a smooth curve together with some isolated fixed points. For a smooth
nonmultiple fiber f , there are four divisors λ such that 2λ = f . Thus there is a
component of the fixed point set which is a 4-section of Jm1m2(S). Every other
curve component of the fixed point set has trivial restriction to the generic fiber
and (since the curve component is smooth) cannot meet the 4-section. Since all
fibers are irreducible, there can be no other component, and the remaining fixed
points are isolated.
Let us consider the possibilities for isolated fixed points away from F2. In an ana-
lytic neighborhood of a nonmultiple fiber, there is a section of the elliptic fibration.
Using this section to make the local identification of Jm1m2(S) with J0(S), and
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since the group of local sections is divisible, it is easy to see that, after a transla-
tion, we can assume that ι corresponds to the involution x 7→ −x. Direct inspection
shows that this involution has no isolated fixed points, even at the nodal fibers. To
handle the multiple fiber, the explicit description of a neighborhoodX of a multiple
fiber shows that after a base change of order two, say X˜ → X , we can assume that
there is a local section of X˜ . The induced map from the central fiber of X˜ to the
central fiber of X corresponds to taking the quotient by a subgroup of order two.
After a translation we can further assume that the pulled back involution on X˜ is
given by x 7→ −x. Since inverses commute with translations by a point of order
two, the restriction of ι to F2 again has four fixed points. Two of these lie on the
4-section (recall that a 4-section can meet F2 in at most two distinct points) and
the remaining two are isolated. 
Thus there are two isolated fixed points of ι on F2. If we blow these up and then
take the quotient, the result will be a smooth surface F mapping to P1 whose fibers
are smooth rational curves except over the point corresponding to F2 (Fig. 1).
Over this point, the fiber is a curve d1+2e+ d2, where d1 and d2 are the images of
the exceptional curves, e is the image of F2, and we have (di)
2 = −2 and e2 = −1,
d1 · e = d2 · e = 1 and d1 · d2 = 0. In particular we may contract e and then either
d1 or d2 to obtain a rational ruled surface FN . We shall fix notation so that d2 is
the curve we contract and the resulting surface is FN . However, as we shall see,
it is important to keep in mind the symmetry between d1 and d2. Contracting d1
instead corresponds to making an elementary modification of FN and thus replacing
it by FN±1. As we shall see, the symmetry between d1 and d2 corresponds to the
choice of either ∆ or ∆− κ.
The branch divisor B′ on the blowup F of FN is of the form B + d1 + d2, where
B is a smooth 4-section which does not meet d1 or d2 and hence B · e = 2. Thus if
we use the basis {σ, f, d2, e} for Pic(F), where σ is the negative section of FN and
f is the class of a fiber, viewed as curves on F, it is easy to see that
B = 4σ + (2k + 1)f − 4e− 2d2
for some odd integer k and that
B + d1 + d2 = 4σ + (2k + 2)f − 6e− 2d2,
which is indeed divisible by 2. Note that we cannot say a priori thatB is irreducible.
However it cannot be a union of a 3-section and a section, since there are no sections
of Jm1m2(S). In particular B · σ ≥ 0. Thus if d1 is the proper transform of the
fiber on FN , and we assume that the negative section σ does not pass through the
point of the original fiber that was blown up, so that σ · d2 = 0, then 2k+1 ≥ 4N ,
or equivalently
k ≥ 2N.
The same conclusion holds by a similar argument if σ does pass through the point
that is blown up.
It is now easy to reverse this procedure. Begin with FN and blow up a point
in a fiber. Then blow up the point of intersection of the exceptional curve with
the proper transform of the fiber. The result is a a nonmiminal ruled surface F
with a reducible fiber of the ruling of the form d1 + 2e+ d2, where d1 is the proper
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transform of the fiber, d2 is the proper transform of the first exceptional curve,
and e is the second exceptional curve. Choose a smooth element B in the linear
system |4σ + (2k + 1)f − 4e− 2d2|, if any exist, where σ is the negative section of
FN and f is a fiber. The double cover of F branched along B + d1 + d2 is then an
elliptic surface with a multiple fiber of multiplicity 2, bisections corresponding to
the pullbacks of sections of FN , and an involution ι.
Let us calculate pg(J
m1m2(S)) = pg(S) in terms of F and B. The canonical
bundle of FN is given by KFN = −2σ − (N + 2)f . Thus, recalling that d2 is the
proper transform of the first exceptional curve and that e is the second, we have
KF = −2σ − (N + 2)f + d2 + 2e.
As for the branch locus B + d1 + d2, we have
B + d1 + d2 = 2(2σ + (k + 1)f − 3e− d2).
By standard formulas for double covers,
H0(Jm1m2(S);KJm1m2 (S)) = H
0(F;OF(KF + 2σ + (k + 1)f − 3e− d2)).
Now, using the calculations above, we have
KF + 2σ + (k + 1)f − 3e− d2 = (k −N − 1)f − e.
Recalling that f is linearly equivalent to d1 + 2e+ d2, it is clear that
h0((k −N − 1)f − e) =
{
k −N − 1, if k −N ≥ 2
0, otherwise.
Now if k − N ≤ 1, since k ≥ 2N we must have N ≤ 1. If N = 1, then k = 2
and so k − N − 1 = 0 in this case as well. If N = 0, then k = 0. In this case
B = 4σ + f − 4e− 2d2 = 4σ + d1 − 2e− d2, and it is easy to see that the effective
curve σ− d2− e, which is the proper transform of the unique element of |σ| passing
through the point of the fiber which is blown up, satisfies
(σ − d2 − e) · (4σ + f − 4e− 2d2) = −1.
Thus |B| has the fixed component σ− d2− e, which is a section, and this case does
not arise. So in all cases we have h0((k −N − 1)f − e) = k −N − 1.
Thus we may summarize this discussion as follows:
Lemma 1.2. With notation and conventions as above,
pg(S) = pg(J
m1m2(S)) = k −N − 1. 
In particular, suppose that pg(S) = 0. Since k ≥ 2N , and the case k = N = 0
has been ruled out above, the only possibilities are N = 0, k = 1 or N = 1, k = 2.
Thus F is the blowup of either F0 or F1, and of course the two cases are elementary
transformations of each other. Thus we may assume that k = 2 and N = 1 in this
case. Moreover the negative section of F1 does not pass through the exceptional
point in the blowup.
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2. Classification of stable bundles.
We let S be a nodal elliptic over P1 with exactly two multiple fibers of multiplic-
ities 2m1 and m2 and let ∆ be a divisor on S with ∆ · f = 2m1m2. Fix an integer
c. In this section we shall study rank two vector bundles V with c1(V ) = ∆ and
c2(V ) = c. We shall also let w = ∆ mod 2 and p = ∆
2 − 4c.
First recall the following standard definition from [3]:
Definition 2.1. An ample line bundle L on S is (∆, c)-suitable or (w, p)-suitable
if for all divisors D on S such that −D2 +D ·∆ ≤ c, either f · (2D −∆) = 0 or
sign f · (2D −∆) = signL · (2D −∆).
The following is Lemma 3.3 of [3]:
Lemma 2.2. For all pairs (∆, c), (∆, c)-suitable ample line bundles exist. 
With this said, here is the rough classification of rank two vector bundles V with
c1(V ) = ∆ and c2(V ) = c which are stable with respect to a c-suitable line bundle
L.
Theorem 2.3. Let L be (∆, c)-suitable, and let V be an L-stable rank two vector
bundle with c1(V ) = ∆ and c2(V ) = c. Then there exist:
(i) A smooth irreducible curve C and a birational map C → C ⊆ Jm1m2(S),
where C is a bisection of Jm1m2(S) invariant under the involution ι;
(ii) A divisor D on T , the minimal desingularization of the normalization of
C ×P1 S, such that D · f = m1m2, where f is a general fiber of T → C,
and moreover D has the same restriction to the generic fiber of T as the
divisor induced by the section of Jm1m2(T ) corresponding to the map C →
Jm1m2(S);
(iii) A codimension two local complete intersection Z and an exact sequence
0→ OT (D)→ ν
∗V → OT (ν
∗∆−D)⊗ IZ → 0,
where ν : T → S is the natural degree two map.
Moreover the bisection C and the double cover T are uniquely determined by the
bundle V , and D is determined by the bundle V and the choice of a map C →
Jm1m2(S). Finally, every rank two vector bundle V with c1(V ) = ∆ and c2(V ) = c
satisfying (i)–(iii) above is stable with respect to every (∆, c)-suitable ample line
bundle L.
Proof. First suppose that V is L-stable. It follows from Theorem 4.3 of [3] that
the restriction of V to the geometric fiber of π is semistable. More precisely, let
η = Spec k(P1) and let η¯ = Spec k(P1), where k(P1) denotes the algebraic closure of
k(P1). Let Vη¯ denote the pullback of V to the curve Sη¯ which is the geometric fiber
of π. Then Vη¯ is semistable. By the classification of rank two bundles on an elliptic
curve, Vη¯ = L1 ⊕ L2, where each Li is a line bundle over Sη¯ of degree m1m2 and
L1⊗L2 corresponds to the restriction of ∆ to Sη¯. The Galois group Gal(k(P1)/k(P1)
permutes the set {L1, L2}. This action cannot be trivial, since otherwise Li would
be rational over k(P1) and then S would have anm1m2-section. Thus the fixed field
of the subgroup of Gal(k(P1)/k(P1) which operates trivially on {L1, L2} defines a
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degree two extension of k(P1), corresponding to a morphism C → P1. Setting T
to be the minimal resolution of the normalization of C ×P1 S, there is a section of
Jm1m2(T ) defined by L1, say. The image of this section in J
m1m2(S) is then the
bisection C. By construction C is invariant under the involution ι. Let ν : T → S
be the natural degree two map.
The inclusion L1 → Vη¯ induces a sub-line bundle OT (D)→ ν∗V , which we may
assume to have torsion free cokernel. Since L2 6= L1, it is clear that this sub-line
bundle is unique. The quotient is then necessarily of the form OT (ν∗∆−D)⊗ IZ .
It remains to prove that every V satisfying the above description is indeed L-
stable. It follows from (iii) that Vη¯ is an extension of two line bundles of degree
m1m2 and is therefore semistable. Again using Theorem 4.3 of [3], V is L-stable. 
Next we discuss the meaning of the scheme Z and the bisection C. The following
is the analogue of Lemma 1.11 in [4] and is proved in exactly the same way:
Lemma 2.4. Let f be a smooth fiber of π and let g be a component of ν−1(f).
Then SuppZ ∩ g 6= ∅ if and only if V |f is unstable. In particular, if ν is not
branched over f , so that ν−1(f) = g ∪ g′, then SuppZ ∩ g 6= ∅ if and only if
SuppZ ∩ g′ 6= ∅. 
Next we turn to the section C. Since C is invariant under ι, its proper transform
on the blowup of Jm1m2(S) at the two isolated fixed points of ι is the pullback of a
section A′ of F, which in turn induces a section A of FN . We shall use throughout
the notation and conventions of the previous section. Notice that the section A′
meets the reducible fiber either along d1 or d2, the two components of multiplicity
one. Here A′ · d1 = 1 and A
′ · d2 = 0 if A does not pass through the point of the
corresponding fiber of FN which was blown up, and A
′ · d2 = 1 and A′ · d1 = 0 in
the remaining case. Since the branch locus of the map Jm1m2(S) → F consists of
B + d1 + d2, we see that A
′ always passes through the branch locus over the point
corresponding to F2. Of course, this is also clear from the picture on J
m1m2(S):
since C is a bisection, C · f = 2 and therefore C · F2 = 1. It follows that C is
smooth at the point of intersection with F2, that the intersection is transverse, and
that the natural map C → P1 is always branched at the point corresponding to F2.
A similar statement will hold for the map C → P1. This fact is the fundamental
difference between the case studied in this paper and the case of trivial determinant
studied in [2] and [4].
Since A′ always meets d1 or d2, it follows that the inverse image of A
′ in the
blowup of Jm1m2(S) always meets exactly one of the two exceptional curves, and in
fact meets it transversally at one point. Thus the inverse image of A′ is the proper
transform of C, and therefore
(C)2 = 2(A′)2 + 1.
Let us consider the section A of FN in more detail. Either A = σ or A ∈
|σ + (N + s)f | for a uniquely specified nonnegative integer f . Moreover either A
does not pass through the point on FN which is the image of the exceptional divisor,
in which case A′ · d2 = 0, or it does, in which case A′ · d2 = 1. The following lemma
relates the odd integer ∆2 − 4c = p to the invariants of V :
Lemma 2.5. With notation as above, denote by the exceptional point the point of
FN which is blown up under the morphism F→ FN . Then, if we set p = p1(adV ) =
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∆2 − 4c,
−p =


4k − 6N + 1 + 2ℓ(Z) + δ, if A = σ does not pass through
the exceptional point;
4s+ 4k − 2N + 1 + 2ℓ(Z) + δ, if A ∈ |σ + (N + s)f |does not pass
through the exceptional point;
4k − 6N − 1 + 2ℓ(Z) + δ, if A = σ passes through
the exceptional point;
4s+ 4k − 2N − 1 + 2ℓ(Z) + δ, if A ∈ |σ + (N + s)f | passes through
the exceptional point.
Here δ is a nonnegative integer which is zero if the map C → P1 is not branched
over any point corresponding to a singular nonmultiple fiber of π : S → P1.
Proof. Since c21(ν
∗V ) = 2c21(V ) = 2∆
2 and c2(ν
∗V ) = 2c2(V ) = 2c, it will suffice
to work with ν∗V . Clearly
c2(ν
∗V ) = −D2 +D · ν∗∆+ ℓ(Z).
Thus
2(4c−∆2) = −(2D− ν∗∆)2 + 4ℓ(Z).
Now we can write
2D − ν∗∆ = D − (ν∗∆−D),
where both D and ν∗∆−D naturally correspond to sections of Jm1m2(T ). In fact,
if ϕ : Jm1m2(T ) → Jm1m2(S) is the obvious map, then the bisection C satisfies
ϕ∗C = C1 + C2, where C1 and C2 are sections of J
m1m2(T ) corresponding to the
divisors D and ν∗∆ −D on T . An argument essentially identical to the proofs of
Claim 1.17 and 1.18 in Chapter 7 of [4] shows that there is a nonnegative integer δ
such that
−(2D − ν∗∆)2 = −(C1 − C2)
2 + 2δ.
Moreover δ = 0 if the map C → P1 is not branched over any point corresponding
to a singular nonmultiple fiber of π : S → P1. Thus we must calculate (C1 − C2)
2.
But, using the fact that Ci is a section of J
m1m2(T ), we have
(Ci)
2 = −2(1 + pg(S)) = −2(k −N).
Moreover C1 + C2 = ϕ
∗C. Thus
(C1 − C2)
2 = 2(C1)
2 + 2(C2)
2 − (C1 + C2)
2
= −8(k −N)− 2(C)2
= −8(k −N)− 4(A′)2 − 2.
Clearly we have
(A′)2 =


−N, if A = σ does not pass through the exceptional point;
N + 2s, if A ∈ |σ + (N + s)f | does not pass through
the exceptional point;
−N − 1, if A = σ passes through the exceptional point;
N + 2s− 1, if A ∈ |σ + (N + s)f | passes through
the exceptional point.
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Putting these formulas together gives the statement of the lemma. 
Using Lemma 2.5, the inequality k ≥ 2N and the fact that if N = 0 then
k ≥ 1, whereas if N = 1 and k = 2 then the section σ does not pass through
the exceptional point, we can easily deduce the following slight strengthening of
Bogomolov’s inequality in our case:
Corollary 2.6. We have the following inequality for −p:
−p ≥


4pg(S)− 2N + 5 if A = σ does not pass through the exceptional point;
4pg(S) + 2N + 5 if A ∈ |σ + (N + s)f | does not pass through
the exceptional point;
4pg(S)− 2N + 3 if A = σ passes through the exceptional point;
4pg(S) + 2N + 3 if A ∈ |σ + (N + s)f | passes through
the exceptional point.
In all cases −p ≥ 2pg(S) + 1, and if pg(S) = 0, then −p ≥ 3. 
3. A Zariski open subset of the moduli space.
Our goal in this section is to prove the following theorem:
Theorem 3.1. Let V be an L-stable rank two bundle on S. Suppose that
(i) The associated bisection C of Jm1m2(S) is smooth, or equivalently that C =
C, and the image of C in F is not the proper transform of σ;
(ii) The map C → P1 is not branched at any point corresponding to a singular
fiber of π or at the multiple fiber of odd multiplicity m2;
(iii) The scheme Z on the associated double cover T is empty, and thus there is
an exact sequence
0→ OT (D)→ ν
∗V → OT (ν
∗∆−D)→ 0.
Then V = ν∗OT (D+F ) = ν∗OT (ν
∗∆−D). In particular V is uniquely determined
by the associated section A of FN and the divisor D on T . Finally V is a smooth
point of its moduli space, which is of dimension −p− 3χ(OS) at V .
It is clear that the conditions above are equivalent to assuming that A′ meets the
branch locus B transversally, and that no point of intersection lies over a point of P1
corresponding to a singular nonmultiple fiber or to the multiple fiber of multiplicity
m2, and that Z = ∅.
The proof of (3.1) will proceed along lines very similar to the proof of Theorem
1.12 in Chapter 7 of [4], and we shall simply sketch some of the details.
Let A be the section of FN corresponding to A
′. By assumption A 6= σ. Let r
be the nonnegative integer such that A ∈ |σ + (N + r)f |. If the section A does not
pass through the exceptional point of the blowup, then
(A′) · (B + d1 + d2) = (σ + (N + r)f) · (4σ + (2k + 2)f − 6e− 2d2) = 4r + 2k + 2.
Of these points, one corresponds to the intersection A′ ·d1, and so the branch divisor
of the map T → S is (4r+2k+1)f , where f is a general fiber of π. This divisor is
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even since f is divisible by 2, and we set G = (4r+2k+1)f/2. Likewise, if A does
pass through the exceptional point of the blowup, then
(A′) · (B+ d1+ d2) = (σ+(N + r)f − d2− e) · (4σ+(2k+2)f − 6e− 2d2) = 4r+2k.
In this case we set G = (4r+2k− 1)f/2. Let F be the branch divisor in T , so that
ν∗G ≡ F . Thus F = (4r + 2k + 1)f or (4r + 2k − 1)f . For future reference, let us
also record the genus of C:
Lemma 3.2. Let C satisfy (i) and (ii) of (3.1). Then
g(C) =
{
2r + k, if A does not pass through the exceptional point;
2r + k − 1, if A passes through the exceptional point.
Proof. The map C → P1 is branched at A′ · (B + d1 + d2) = 4r + 2k + 2 points if
A does not pass through the exceptional point, and 4r + 2k points otherwise. The
lemma now follows from the Riemann-Hurwitz formula. 
Now det ν∗OT (D) = ν∗D −G. Clearly ν∗D and ∆ have the same restriction to
the generic fiber. Arguing as in Chapter 7, (1.20) of [4], there is an injective map
ν∗OT (D + F )→ V.
Set W = ν∗OT (D + F ). Our goal will be to show that W = V . Preliminary to
this goal we shall analyze W and the map W → V . As a divisor class detW =
ν∗D − G + 2G = ν∗D + G. In addition there is an effective divisor E such that
(detW )−1 ⊗ detV = OS(E). Thus detW = ∆−E and E has trivial restriction to
the generic fiber, so that E is a union of fibers (possibly including the reductions
of the multiple fibers). Moreover
ν∗D = ∆−G− E.
Set E′ = ν∗E. We have
D + ι∗D = ν∗ν∗D = ν
∗∆− F − E′,
and therefore
ι∗D = ν∗∆−D − F − E′.
We can thus write
W = ν∗OT (D + F ) = ν∗OT (ν
∗∆−D − E′).
Using the fact that there is a surjection from ν∗W toOT (ν∗∆−D−E′), we conclude
that there is an exact sequence
0→ OT (D)→ ν
∗W → OT (ν
∗∆−D − E′)→ 0.
Comparing this sequence to the defining exact sequence for ν∗V and arguing as
in (1.24) of Chapter 7 of [4], we may conclude:
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Lemma 3.3. Let Q = V/W . Then ν∗Q ∼= [OT /OT (−E′)]⊗OT (ν∗∆−D). 
Our goal now is to prove the following:
Lemma 3.4. In the above notation, E′ = 0. Thus Q = 0 and V =W = ν∗OT (D+
F ) where ν∗D = ∆−G.
We begin with the following construction. Let e be a component of the support
of E′, and write E′ = ae+E′′, where E′′ is effective and disjoint from e and a > 0.
If e is not the multiple fiber of multiplicity m1 on T , then either ν is unbranched
over e or e is a smooth fiber. In either of these cases ν induces an isomorphism from
e to ν(e) = f , and we shall identify ν(e) with e. In the remaining case e = Fm1 is
the multiple fiber of multiplicity m1 and ν is an e´tale double cover. There is then
the following analogue of (1.25) of Chapter 7 of [4]:
Lemma 3.5. There is a subsheaf Q0 of ν∗Q which is isomorphic to
(i) Oe(−(a− 1)e+ ν∗∆−D), viewed as a sheaf on ν(e) = f , if e 6= Fm1 ;
(ii) A line bundle on F2m1 such that
ν∗Q0 ∼= OFm1 (−(a− 1)Fm1 + ν
∗∆−D),
in case e = Fm1 .
Proof. The argument in case e 6= Fm1 runs as in (1.25) of Chapter 7 of [4]. If
e = Fm1 , then ν
∗Q contains the subsheaf
Q′0 = [OT (−(a− 1)e/OT (−ae)]⊗OT (ν
∗∆−D),
which is a line bundle on Fm1 . The vector bundle ν∗Q
′
0 is a rank two vector bundle
on F2m1 with deg(ν∗Q
′
0) = m1m2. Consider the rank two vector bundle ν
∗ν∗Q
′
0 on
Fm1 . Its determinant is Q
′
0 ⊗ ι
∗Q′0 = (Q
′
0)
⊗2 (recall that ν∗∆ −D is fixed under
the involution) and there is a surjective map ν∗ν∗Q
′
0 → Q
′
0. Thus there is an exact
sequence
0→ Q′0 → ν
∗ν∗Q
′
0 → Q
′
0 → 0.
It follows that ν∗ν∗Q
′
0 is semistable and is either Q
′
0⊕Q
′
0 or the nontrivial extension
of Q′0 by Q
′
0. On the other hand, ν∗Q
′
0 is either a direct sum of line bundles, say
Q0 ⊕ Q1 for two line bundles Qi or a nontrivial extension of a line bundle Q0 by
Q0. In the first case we must have ν
∗Qi = Q
′
0 and in the second ν
∗Q0 = Q
′
0. In
either case there is a subbundle Q0 of ν∗Q as desired. 
To prove Lemma 3.4, we shall assume that E′ 6= 0 and derive a contradiction.
Again, the argument will be very similar to the argument given in [4]. It will suffice
to show that dimExt1(Q0,W ) ≤ 1. We also have that
Ext1(Q0,W ) = H
0(W ⊗OS(e)⊗Q
−1
0 ).
The case where e does not lie over the branch locus of C → P1 follows exactly as
in [4]. The case where e is a smooth fiber in the branch locus also follows by these
methods provided we can show that R1ρ∗OT (2D−ν
∗∆) has length one at the point
of C corresponding to e. This is a local calculation, which we shall leave to the
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reader; it uses the fact that A′ meets the branch locus transversally and can in fact
be deduced from the global argument in [4], proof of Lemma 1.19 of Chapter 7.
There remains the new case, where e = Fm1 . In this case, the natural map
W = ν∗OT (ν
∗∆−D − E′)→ ν∗OFm1 (ν
∗∆−D − aFm1)
is surjective, as one can see from applying the surjective map ν∗ to the exact
sequence
0→ OT (ν
∗∆−D−E′−Fm1)→ OT (ν
∗∆−D−E′)→ OFm1 (ν
∗∆−D−aFm1)→ 0.
It follows that W |F2m1 = ν∗OFm1 (ν
∗∆−D − aFm1). Thus
H0(W ⊗OS(F2m1)⊗Q
−1
0 ) = H
0(ν∗OFm1 (ν
∗∆−D − aFm1)⊗OS(F2m1)⊗Q
−1
0 )
= H0(ν∗
[
OFm1 (ν
∗∆−D − aFm1)⊗ ν
∗OS(F2m1)⊗ ν
∗Q−10
]
) = H0(OFm1 ),
where we have used the fact that ν∗Q0 = OFm1 (ν
∗∆−D − (a− 1)Fm1). Hence
dimExt1(Q0,W ) = h
0(W ⊗OS(F2m1)⊗Q
−1
0 ) = 1
as desired. 
We see that we have proved all of Theorem 3.1 except the statement about the
smoothness of the moduli space, which follows from:
Lemma 3.6. Suppose that V = ν∗OT (D + F ) as above. Then V is good, in the
terminology of [2]. In other words, H2(S; adV ) = 0.
Proof. It suffices to show that dimHom(V, V ⊗KS) = h
0(KS). Now
Hom(V, V ⊗KS) = Hom(V, ν∗
(
OT (ν
∗∆−D)⊗ ν∗KS
)
)
= Hom(ν∗V,OT (ν
∗∆−D)⊗ ν∗KS).
Using the defining exact sequence for ν∗, there is an exact sequence
0→ H0(ν∗KS)→ Hom(ν
∗V,OT (ν
∗∆−D)⊗ν∗KS)→ H
0(OT (ν
∗∆−2D)⊗ν∗KS).
SinceKS is a rational multiple of the fiber and ν
∗∆−2D is nontrivial on the generic
fiber, the term H0(OT (ν∗∆ − 2D)⊗ ν∗KS) is zero. Thus dimHom(V, V ⊗KS) =
h0(ν∗KS). Using the isomorphism H
0(ν∗KS) ∼= H0(KS)⊕H0(KS(−G)), it suffices
to show that H0(KS(−G)) = 0. Now KS = OS((k −N − 2)f + (2m1 − 1)F2m1 +
(m2− 1)Fm2). Also G = (2r+ k± 1/2)f . Thus it suffices to observe that the linear
system
|(−N − 2r − 2± 1/2)f + (2m1 − 1)F2m1 + (m2 − 1)Fm2)|
is empty. 
Next let us describe the subset of the moduli space consisting of bundles V which
satisfy the hypotheses of Theorem 3.1. We begin by reversing the procedure out-
lined above. Fix the section A′, which is generic in the sense of Theorem 3.1: it
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meets B transversally and no point of intersection corresponds to a singular non-
multiple fiber or to the multiple fiber of odd multiplicity. The section A′ determines
the bisection C = C, and thus a double cover ν : T → S together with an elliptic
fibration ρ : T → C and a divisor D0, well-defined on the generic fiber. Moreover
by construction ν∗D0 and ∆ have the same restriction on the generic fiber, and
thus differ by a multiple of κ. It is easy to see that changing D0 by a sum of fiber
components on T replaces ν∗D0 by an arbitrary even multiple of κ. Thus we may
assume that we have ν∗D0 = ∆−G or ν∗D0 = ∆− κ−G. It is an exercise in the
formulas of the preceding section to see that we have
∆2 ≡ 2(A′)2 + 1 mod 4.
Additionally
2(A′)2+1 ≡
{
2N + 1 mod 4, if A does not pass through the exceptional point;
2N − 1 mod 4, otherwise.
Thus the symmetry between the possibility that A does or does not pass through
the exceptional point, which is essentially the choice of blowing F down to FN
or FN±1, reflects the choice of ∆ or ∆ − κ, which in turn reflects ∆2 mod 2, or
equivalently the dimension of the moduli space mod 2.
Having made one choice for a line bundle D0 on the double cover T , where D0 is
specified on the generic fiber of T and satisfies ν∗D0 = ∆−G, or ν∗D0 = ∆−κ−G,
the possibilities for D are given by the next lemma.
Lemma 3.7. Given the double cover T → S, the set of all D whose restriction to
the generic fiber equals D0 and which satisfy ν∗D = ∆ −G, or ν∗D = ∆ − κ− G
is a principal homogeneous space over Picτ T , which in turn is an extension of the
Jacobian J(C) by a cyclic group of order m2. Moreover this principal homogeneous
space is nonempty for exactly one of the two choices for ν∗D above.
Proof. By the remarks preceding the lemma, there exists a D0 with ν∗D0 = ∆−G,
or ν∗D0 = ∆ − κ − G, and only one of these possibilities can hold. If D has the
same restriction to the generic fiber as D0 and ν∗D = ν∗D0, then D−D0 has trivial
restriction to the generic fiber and ν∗(D −D0) = 0. The first condition says that
D −D0 is of the form ρ∗λ⊗OT (aFm1 + bF
′
m2 + cF
′′
m2), where Fm1 is the multiple
fiber of multiplicity m1 lying above F2m1 and F
′
m2 , F
′′
m2 are the two multiple fibers
of multiplicity m2 lying over Fm2 . We may further assume that 0 ≤ a < m1 and
that 0 ≤ b < m2, 0 ≤ c < m2. Here λ is a line bundle of degree d on C. Thus
ν∗(D −D0) = df + 2aF2m1 + (b+ c)Fm2 .
It is easy to see that this divisor is trivial if and only if d = 0, a = 0, and b ≡ −c
mod m2. Thus, there is a natural identification of the set of all D (given the fixed
divisor D0) with J(C)× Z/m2Z. 
We now assume that A is not the negative section of FN and write A ∈ |σ +
(N + r)f | where r ≥ 0. The dimension of the linear system A′ is then equal to n,
where
n =
{
N + 2r + 1, if A does not pass through the exceptional point;
N + 2r, otherwise.
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We also let g = g(C) be the genus of the bisection C, as given in Lemma 3.2. Note
that
n+ g =
{
4r +N + k + 1 if A does not pass through the exceptional point;
4r +N + k − 1 otherwise.
In both cases, comparing this with the formula for −p given in Lemma 2.5 and
using the fact that 1 + pg(S) = k −N , we see that
−p− 3χ(OS) = g + n.
Note finally that the moduli space will be nonempty provided that −p ≥ 4pg(S)+
2N + 3. Since pg(S) = k −N − 1 ≥ N − 1, the moduli space will be nonempty as
long as
−p ≥ 6pg(S) + 5.
Arguing as in Theorem 1.14 of Chapter 7 of [4], we obtain the following:
Theorem 3.8. Let p be an odd negative integer, and choose w ∈ H2(S;Z/2Z)
such that w = ∆ mod 2 or w = ∆ − κ mod 2, and that w2 ≡ p mod 4. Let L be
a (w, p)-suitable ample line bundle on S. Let M = M(S,L;w, p) denote the moduli
space of L-stable rank two bundles on S with w2(V ) = w and p1(adV ) = p. Then
for all p such that −p ≥ 6pg(S)+5, M contains a nonempty Zariski open subset M
corresponding to vector bundles V satisfying the hypotheses of Theorem 3.1. The
set M is smooth of dimension −p−3χ(OS). Moreover, there is a holomorphic map
from M to a Zariski open subset U ⊆ Pn and the fibers are isomorphic to m2 copies
of a complex torus of dimension g. 
Let us finally consider the case where pg(S) = 0 and −p = 3, the case of a
moduli space of expected dimension zero. In this case we fix N = 1 and k = 2, and
the negative section does not pass through the exceptional point. The Chern class
calculations of Lemma 2.5 show that we must have ℓ(Z) = δ = 0 and A must be the
negative section σ of F1. Note that σ · (B+ d1+ d2) = 2, and the intersection must
be transverse since σ cannot split into a union of two sections in the double cover.
Thus C = C → P1 is branched at two points, so that C = P1 again. Assuming as
we may that the multiple fiber of odd multiplicity does not correspong to a branch
point, we see that the arguments of Theorem 3.1 go through to show that there
are exactly m2 vector bundles V whose associated section is σ. (Here, in case the
intersection point of σ with B corresponds to a singular nonmultiple fiber, we must
use the more detailed analysis of [2] (5.12) and (5.13) to see that the section σ and
the line bundle on T determine V .) Each of these is a smooth point of the moduli
space, by a slight modification of the proof of Lemma 3.6 (in this case G = f/2 and
KS = OS(−f + (2m1 − 1)F2m1 + (m2 − 1)Fm2)). Summarizing, then:
Theorem 3.9. In case pg(S) = 0, the moduli space corresponding to −p = 3
consists of m2 reduced points. 
4. Calculation of the leading coefficient.
Fix w and p with w2 ≡ p mod 4, and let M = M(S,L;w, p) denote the moduli
space of L-stable rank two bundles on S with w2(V ) = w and p1(adV ) = p. Let d
be the (complex) dimension of M:
d =
{
4r +N + k + 1 if A does not pass through the exceptional point
4r +N + k − 1 otherwise,
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where the section A ∈ |σ+(N+r)f |. With this notation we see that 2n = d−pg(S)
and that g = d − n. Finally let us recall from (3.4) of [3] that in case pg(S) = 0
there is a unique chamber of type (w, p) which contains κ in its closure, called the
(w, p)-suitable chamber. We can now state the main result of this paper:
Theorem 4.1. For pg(S) > 0, let γw,p(S, β) be the Donaldson polynomial corre-
sponding to the SO(3)-bundle P over S with w2(P ) = ∆ mod 2 and p1(P ) = p,
and β is a choice of orientation agreeing with the usual complex orientation for M.
If pg(S) = 0, let γw,p(S, β) be the corresponding Donaldson polynomial for met-
rics whose associated self-dual harmonic 2-form lies in the (w, p)-suitable cham-
ber. Then, writing γw,p(S, β) as a polynomial in κS and qS , say γw,p(S, β) =∑[d/2]
i=0 aiq
i
Sκ
d−2i
S , we have, for all p with −p ≥ 2(4pg + 2), ai = 0 for i > n and
an =
d!
2nn!
(2m1m2)
pg(S)m2.
We first remark that the assumption that −p ≥ 2(4pg + 2) implies that M is
nonempty and contains a smooth Zariski open subset as described in Theorem 3.8.
Indeed −p is an odd integer greater than 8pg + 4, and so −p ≥ 8pg + 5 ≥ 6pg + 5.
Thus we are in the range of Theorem 3.8.
Let X = Xw,p denote the Uhlenbeck compactification associated to M [1], [4].
The orientation of M induces a fundamental class of X . There is a µ-map H2(S)→
H2(M), which roughly speaking is given by taking slant product with the class
−p1(P )/4, where P is the universal SO(3)-bundle over S × M. If P lifts to a
holomorphic bundle V over S ×M, then p1(P ) = c21(V)− 4c2(V) = p1(adV). The
classes µ(α) ∈ H2(M) extend uniquely to classes in H2(X), which we shall also
denote by µ(α). The Donaldson polynomial is then defined by taking cup products
of the µ(α) and evaluating on the fundamental cycle of X .
Arguing as in [4], it is a combinatorial exercise to deduce Theorem 4.1 from the
following:
Theorem 4.2. Let µ denote the µ-map associated to the Uhlenbeck compactifica-
tion X of M. Then, using the complex orientation to identify H2d(X;Z) ∼= Z, we
have, for all p with −p ≥ 2(4pg + 2) and for all Σ ∈ H2(S),
µ(f)m ∪ µ(Σ)d−m =
{
0, if m > n
(d− n)!(2m1m2)
d−nm2(Σ · κS)
d−n, if m = n.
Here the factor (2m1m2)
pg(S) appearing in Theorem 4.1 arises from the fact that
µ(f)n = (2m1m2)
nµ(κ) and that d− 2n = pg(S).
In order to prove Theorem 4.2, we shall introduce geometric divisors which will
represent the cohomology class µ(f). Fix a smooth fiber f . Then there are exactly
four line bundles θ of degree m1m2 on f such that θ
⊗2 = Of (∆). Each line
bundle θ corresponds to a point of intersection of f with the branch divisor B ⊂ F.
If V is a rank two vector bundle over S with c1(V ) = ∆, then (V |f) ⊗ (θ)−1 is a
vector bundle over f with trivial determinant. Thus by the Riemann-Roch theorem
χ(f ; (V |f)⊗ (θ)−1) = 0.
For each integer c, fix a (∆, c)-suitable line bundle L. Given an integer b ≤ c, we
define Mb to be the moduli space of L-stable rank two bundles V with c1(V ) = ∆
and c2(V ) = b. Given f and θ as above, define the divisor Zb(f, θ) as a set by:
Zb(f, θ) = {V ∈Mb : h
0(f ; (V |f)⊗ (θ)−1) 6= 0 }.
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A calculation with the Grothendieck-Riemann-Roch theorem as in the proof of
Proposition 1.1 in Chapter 5 of [4] show that we can use the divisors Zb(f, θ) to
calculate the µ-map. More precisely, since the fi are disjoint, suppose that, for all
choices of b > 0 the intersection
Zc−b(fi1 , θi1) ∩ · · · ∩ Zc−b(fin−b , θin−b) = ∅,
that
⋂n
i=1Zc(fi, θi) = J is compact and is contained in the Zariski open subset M
of M, and that the Zc(fi, θi) meet transversally along J . Here by (2.6), Mc−b = ∅
if b > (−p− 3)/4 and so it is enough to check the above for 0 < b ≤ (−p− 3)/4. In
particular we must have n > b for all b ≤ (−p− 3)/4. Then we can define µ([Σ])|J
and arguments along the lines of the proof of Theorem 1.12 in Chapter 5 of [4] show
that
γw,p(S)(f1, . . . , fn, [Σ], . . . , [Σ]) = (µ([Σ])|J)
d−n.
Thus, Theorem 4.2 is a consequence of the following:
Theorem 4.3. Suppose that −p ≥ 2(4pg+2). Let f1, . . . , ft denote distinct general
fibers of π, and for each i choose θi a line bundle on fi with θ
2
i = Ofi(∆). Then:
(i) For all t ≥ n and for all choices of b > 0, the intersection
Zc−b(fi1 , θi1) ∩ · · · ∩ Zc−b(fit−b , θit−b ) = ∅.
(ii) If t > n, then
⋂t
i=1Zc(fi, θi) = ∅, and moreover
⋂n
i=1 Zc(fi, θi) is compact
and is contained in the Zariski open subset M of M. The intersection is
transverse and is a fiber J of the map M → U ⊆ Pn.
(iii) If Σ is a smooth curve in S, then the restriction of µ([Σ]) to each of the
m2 connected components of J is equal to (Σ · f) · [Θ], where Θ is the theta
divisor of the component.
We begin by determining the set-theoretic intersection of the Zc(fi, θi). Recall
that we have associated to V the section A and the scheme Z on the double cover
T . The following is straightforward:
Lemma 4.4. Let V ∈ M. Then V ∈ Zc(f, θ) is and only if either the section A′
of F corresponding to V meets B transversally at the point corresponding to θ or
SuppZ ∩ ν−1(f) 6= ∅. 
For the rest of the argument, we shall not worry about the case where the
sections pass through the exceptional point, since this can be handled by symmetry.
Arguing as in [4], Lemma 2.7 of Chapter 7, for a general choice of fibers f1, . . . , ft
and line bundles θi on fi, and for all s ≤ r, setting Hi to be the hyperplane of
sections in |σ + (N + s)f | passing through the point corresponding to θi, then
H1∩· · ·∩HN+2s+1 = {A} and the intersection of more than N+2s+1 of the Hi is
empty. In particular, this means that the fi are chosen so that the negative section
σ does not neet the branch divisor at any of the fi. Thus if V is a bundle whose
associated section A is the negative section σ of FN and V lies in the intersection⋂t
i=1 Zc(fi, θi), then SuppZ meets the preimage in T of fi for all i.
A counting argument as in the proof of Proposition 2.9 of Chapter 7 in [4] then
establishes (i) and (ii) of Theorem 4.3, at least set-theoretically, except possibly
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for those V such that the corresponding section of FN is the negative section.
Likewise, arguments identical to the proof of (2.6) in Chapter 7 of [4] show that the
intersection of the divisor Zc(fi, θi) with the Zariski open subset M is reduced, so
that the intersection in (ii) of Theorem 4.3 is transverse. Thus the only new case to
consider is the possibility that the section associated to V is the negative section.
We shall briefly outline the argument in this case; it is here that we must assume
that −p is sufficiently large. In particular, recalling that
n =
d− pg
2
=
−p− 4pg − 3
2
,
and that we may assume that b ≤ (−p−3)/4, the condition −p ≥ 2(4pg+2) insures
that
n− b ≥ n+
p+ 3
4
= −
p
4
−
8pg + 3
4
≥
8pg + 4
2
−
8pg + 3
4
> 0.
Thus the intersection in (i) is not over the empty collection of divisors Zc−b(fi, θi),
i.e. the intersection is always contained in a divisor Zc−b(fi, θi).
Given t general fibers f1, . . . , ft, we can assume that they do not correspond to
intersections of the negative section σ with B + d1 + d2. Now let V be a bundle
whose associated section is σ. Suppose further that c2(V ) = c − b and that V lies
in the intersection Zc−b(fi1 , θi1) ∩ · · · ∩ Zc−b(fit−b , θit−b) for t ≥ n. We claim that,
if 0 ≤ b < (−p − 3)/4, then −p ≤ 4pg + 2N − 2. It clearly suffices to assume
that t = n. Let ν : T → S be the double cover corresponding to σ. Then ν is not
branched over the fi. Writing ν
∗V as an extension
0→ OT (D)→ ν
∗V → OT (ν
∗∆−D)⊗ IZ → 0,
we have by (2.5) that −p = −p1(adV )+4b = 4k−6N+1+2ℓ(Z)+δ+4b. Moreover
SuppZ must meet each of the two components of ν−1(fi) for i = 1, . . . , t. Thus
ℓ(Z) ≥ 2n− 2b. But we also have
2n = d− pg = −p− 4pg − 3
= 4k − 6N + 1 + 2ℓ(Z) + δ − 4(k −N − 1)− 3 + 4b
= −2N + 2 + 2ℓ(Z) + δ + 4b.
Thus 2n ≥ −2N + 2 + 4n− 4b+ δ + 4b and so 2n ≤ 2N − 2. This says that
−p ≤ 4pg + 2N − 2.
On the other hand, 2(4pg+2) = 4pg +4(k−N) ≥ 4pg +4N > 4pg +2N − 2. Thus
with our assumptions on p there can be no bundle V in the intersection with an
associated section equal to σ. Taking b > 0 establishes (i) in the case where the
section associated to V is σ. Taking b = 0 shows that no bundle with associated
section σ lies in the intersection
⋂t
i=1 Zc(fi, θi) if t ≥ n. This establishes (i) and
(ii).
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Finally, to prove (iii) of Theorem 4.3, we must determine µ([Σ])|J , where J is a
fiber of the map M → U . The argument again closely parallels that of [4] Chapter
7. A fiber of M → U determines and is determined by a generic double cover
T → S. There is a divisor D0 on T such that every V in the fiber is of the form
ν∗OT (D0 + F ) ⊗ ρ∗λ, for a line bundle λ ∈ Pic
0 C. Fix a smooth holomorphic
multisection Σ of π, transverse to the double cover T → S. Let Σ′ be the inverse
image of Σ under ν. There is a commutative diagram
Σ′
ν
−−−−→ Σ
ρ
y
ypi
C
g
−−−−→ P1.
Let P be the Poincare´ bundle over Pic0 C ×C. Let E be the divisor on Σ′ induced
by D0 + F . Then there is a universal bundle over Pic
0 C × Σ of the form
(Id×ν)∗
[
π∗2OΣ′(E) ⊗ (Id×ρ
∗)P
]
.
Here π2 : Pic
0 C ×Σ′ → Σ′ is the second projection. The Chern classes of VE only
depend on the numerical equivalence class of E. Moreover, p1(adVE) = p1(adVE⊗
q∗2λ) for every line bundle λ on Σ, where q2 : Pic
0 C×Σ→ Σ is the projection. This
has the effect of replacing OΣ′(E) by OΣ′(E) ⊗ ν∗λ. Replacing Σ by 2Σ, replaces
degE by 2 degE. Thus we can assume that degE is even, and then after twisting
by an appropriate λ we can assume that degE = 0. So as far as the Chern classes
are concerned we may as well assume that E = 0, and we need to calculate
p1(ad(Id×ν)∗(Id×ρ)
∗P).
Now since cohomology commutes with flat base change, we have
(Id×ν)∗(Id×ρ)
∗P = (Id×π)∗(Id×g)∗P .
Thus we need to find
p1(ad(Id×π)
∗(Id×g)∗P) = (Id×π)
∗p1(ad(Id×g)∗P).
Let us first calculate p1(ad(Id×g)∗P). A straightforward calculation using e.g.
Lemma 2.14 of Chapter 7 of [4] shows the following
Lemma 4.5. Let f : X → Y be a double cover with X and Y smooth, and let Υ
be the line bundle on Y defining the double cover, so that Υ⊗2 = OY (B), where B
is the branch locus of f . If D is a divisor on X, then
p1(ad f∗OX(D)) = c1(Υ)
2 − (f∗D)
2 + 2f∗(D
2). 
Applying this in our situation, withX = Pic0 C×C and f = Id×g, we see that Υ
is the pullback of a divisor on C and thus c1(Υ)
2 = 0. So we are left with calculating
(in the sense of cycles) (Id×g)∗P and (Id×g)∗[P ]
2. Also, as in the proofs of (2.15)
and (2.16) in Chapter 7 of [4], (Id×g)∗P = 0 and [P ]2 = −2r∗1 [Θ] ∪ r
∗
2x, where x
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is the class of a point in C and Θ is the theta divisor on Pic0 C, and r1, r2 are the
first and second projections on Pic0 C × C. Thus
2(Id×g)∗[P ]
2 = 2(Id×g)∗(−2r
∗
1 [Θ] ∪ r
∗
2x)
= −4p∗1[Θ] ∪ p
∗
2y,
where p1, p2 are the first and second projections on Pic
0 C × P1 and y is the class
of a point on P1. It follows that −p1(adVE)/4 = q∗1Θ ∪ q
∗
2π
∗y.
Hence the slant product of −p1(adVE)/4 with [Σ] is (deg π) · [Θ]. Since deg π =
(Σ · f), we have now established (iii) of Theorem 4.3. This concludes the proof of
Theorem 4.3 and thus of Theorem 4.1. 
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